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Topological operations have the merit of achieving certain goals without requiring ac-
curate control over local operational details. To date, topological operations have been used 
to control geometric phases, and have been proposed as a means for controlling the state of 
certain systems within their degenerate subspaces l -8. More recently, it was predicted that 
topological operations can be extended to transfer energy between normal modes, provided 
that the system possesses a specific type of degeneracy known as an exceptional point (EP)9-11. 
Here we demonstrate the transfer of energy between two modes of a cryogenic optomechan~ 
ical device by topological operations. We show that this transfer arises from the presence of 
an EP in the device 's spectrum. We also show that this transfer is "on~reciprocal' 2-- ' 4. These 
results open new directions in system control; they also open the possibility of exploring 
other dynamical effects related to EPSI~, II" as well as the behavio l' of thel'mal and quantum 
fluctuations in the vicinity of EPs. 
An externally imposed time~vari at ion or the Hamiltonian H or an otherwise isolated, con~ 
servative system provides a powerful means for controlling the system's evolution, If H is varied 
sufficiently slowly. the ad iabatic theorem states that a system prepared at some initial time to in 
a non-degenerate normal mode of f/ (to) will remain in the corresponding normal mode of the 
instantaneous H(t ) 17 . As a result, varying H so as to execute a closed loop (in the space of pa-
rameters that define H) will return the system to it s initial state, up to an overall phase. This phase 
was shown by Berry and others to include a contribution that is determined by a simple geometric 
property of the control loopl -4 . The subsequent insight that the effect of such a topological opera-
tion (e.g., executing a closed control path) may be robust against small fluctuations in the control 
path has had a profound impact on many areas of theory and experimentS-8.'8. 
More recently, it was predicted9- 11 that topological operations may also be used to transfer 
energy between modes in systems that are subject to loss and/or ga in. Specifically, energy transfer 
was predicted to occur for closed ad iabatic control paths that enclose an exceptional point (EP, a 
form of degeneracy that can arise when the effective H is non-Hermitian) . It was also predicted l 2- 14 
that such operations can be non-reciprocal in their dependence upon the system's initial conditions 
and on the control loop's sense of rotation about the EP. The possibili ty of using topological opera-
tions to control the energy di stribution within a system while al so inducing non-reciprocal behavior 
has attracted considerable attention 19- 22. Some features of EPs have been demonstrated in static 
measurements of spectra and eigenmodes23.24 . However, experiments to date have not realized 
topological or non-reciprocal dynamics that arises from encircling an EP. 
Here we measure topological and nonreciprocal dynamics in an optomechanical system. We 
show that the system possesses an EP, and that external control parameters can be used to encircle 
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the EP on time scales comparable to the lifetime of the system's excitations. We demonstrate that 
such topological operations can transfer energy, and that this energy transfer is non-reciproca l. 
Whcn thc control path is not adiabatic, thc dynamics bccomcs morc complicatcd; howcvcr wc find 
quantitative agreement between experimental data and numerical simulations over the fu ll range 
of measurements. 
The system studied here consists of a silicon nitride membrane placed inside a high-finesse 
optical cavity25 . The membrane's dimensions are I mm x I mm x 50 nm. Because it is almost 
perfectl y square, the membrane's vibrational eigenmodes include nearl y-degenerate pairs that are 
well -separated in frequency from all the other eigenmodes. We use thi s separation to focus on a 
nearl y-degenerate pair with natural frequencies wl/2n = 788.024 kHz and w, / 27r = 788.487 kHz. 
In the absence of laser light driving the opti cal cavity, these two modes are essentiall y uncoupled, 
and have very small damping rates (,1/21f = 0.6 Hz and 12/21f = 1.4 Hz). 
When a laser excites the cavity, the resulting intracavity field et drives the membrane's vi-
brations via radiation pressure. At the same time, the membrane's vibrat ions detune the cavity 
and thereby modulate 0 25.26 . It is straightforward to integrate a(t) out of the full optomechanicai 
equations of motion (see Supplemental Material), resulting in an effective equation of motion for 
just Cl and C2, the di splacements of the membrane' s modes: 
iC(t) = HC(t) ( I ) 
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where 6(t ) ~ [Cl (t) C2(t)jT. The effective Hamiltonian is: 
( 
w, - h,j2 - iglE 
H ~ 
- i,gI9:/£. 
(2) 
w;! - ir'l/2 - ig§E 
where 91,2 are (he optomechanical coupling rates of the mechanical modes, and the complex me-
chanical susceptibility introduced by the intracavity fie ld is E = h~l. (K/ ZK'?+l:l2 C .. / 2 i(~+l:l ) -
,,('Hi ( 1 wo+n )) ' Here P and r.lt. .. are the power and frequency of the laser driving the cavity, ~ 
is the mean detuni ng between the laser and the cavity, Wo = {w\ + w2)/2, and f'i, and f\;in are the 
cavity's linewidth and input coupling rate . The phenomena studied here are classical; li appears in 
the expression for E because 9 1,2 are given in terms of the si ngle-photon rate. 
The system will possess an EP if E can be made to equal (w, - ;,,/2 - w, + h,/2)( -i(91 -
gj) ± 2g' 9,)/(gl + gj)' . Achieving thi s typically requires control over both Re(E) and Im(E). 
For opromechanicai devices in the resolved sideband regime (n; < wo ) this control is provided by 
P and .6.. In contrast, when n; » wo, P and .6. appear in E in a linearl y dependent fashion, and 
so only control IEI. The ability to access (and encircle) an EP using the detuning and power of a 
single laser is an important feature of the present system (and in contrast with the more complicated 
arrangement proposed in Ref. [27]), since these parameters can be controlled ill sitll with a high 
degree of precision, timing accuracy, and dynamic range. 
A detailed description of the optomechanical device and the measurement setup is given in 
the Supplemental Material. The membrane and optical cavi ty are maintained at T = 4.2 K. The 
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membrane 's motion is monitored via a heterodyne measurement of a laser with constant power and 
detuning. Control over the optomechanical system is provided by a separate laser, whose detuning 
t::. and power P are set by an acousto-optie modulator. 
To establish the presence of an EP in thi s system, we measured the membrane's mechani -
cal spectrum as a function of 1'3. and P. These spectra were acquired by dri ving the membrane 
and monitoring its response via the heterodyne signal. As described in the Supplemental Mate-
rial, each spectrum was fit to determine the two resonance frequencies Wa,b( Ll , P) and damping 
rates ra,b(Ll , P). (The subscripts a,b (1,2) refer to the membrane's normal modes in the presence 
(absence) of an optical field. ) 
The results or lhese fit s are sUlllmarized ill Fig. I, wh ich shows the cOlllplex eigellvalues 
~a,b = Wa,b - ira,b/2 as 1'3. and P are varied. When P ~ 155 /lW, ~a and ~b each trace out a 
closed trajectory, completing a loop as tJ. is varied from « - Wo to » - Wo . In contrast, when 
P 2: 265 /lW, ~a and ~b both foHow open trajectories, swapping their values as tJ. is varied over 
the same range. This sharp transition in the topology of €a ,b(t::. ) is characterstic of an EP9. The 
solid lines in Fig. I are a global fit to the complex eigenvalues of H, which gives best- fit values of 
WI,2 and rl,2 as stated above, as well as 91 / 2rr = 1.03 Hz, 9z / 2rr = 1.14 Hz, "'in / 2rr = 70 kHz, 
and K/ 27r = 177 kHz. These values imply an EP at 6.EP/ 21r = - 792.5 kHz, P EP = 223 i'W (or, 
equivalently wEP / 211 = 788.2 kHz and r EP / 211 = 460 Hz. indicated as a black " x" in Fig. I). 
Figure 2 (a) and (b) show measurements of Re(~a , b) and - 2 Im (~a,b) over a narrow range of 
tJ. and P centered on tJ. EP and H~p. These measurements show the charaterist ic features of an EP: 
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~a and ~b coalesce at a single value of the control parameters, and in the vicinity of thi s point they 
exhi bit the same structure as the Riemann sheets of the complex square-root function ZI / 2 . For 
compari son, Fig. 2 (c) and (d) show the eigenvalucs of H (sce Eq . I), calculated using the best-fit 
values determined in Fig. I. 
The surfaces shown in Fig. 2 (a) and (b) are sllch that if ~ and P were varied 10 execule a 
single closed loop, the res ulting smooth evolution on the eigenvalue mani fo ld would return to its 
starting point onl y if the loop did not enclose the EP. In contrast, a loop enclosing the EP would 
result in a trajectory starting on one sheet but endi ng on the other. 
To observe thi s effect, we performed a series of measurements in which L1 and P were 
in iti a ll y set to ~max and ?ruin, alld ont: of the membrane's modes (Ga) was excited using a piezo-
electric element. Once the system reached its steady state, the piezo drive was switched off, and 
D. and P were varied to sweep out a closed rectangular loop. The loop was defined by the points 
{D.rnax ) ?r"ill }) {D.rnax ) PIllaJ(. } ) {~mill ) Pm!»:} ) {~mill ) ~uin}' returning to {~maJ(.' ?ruin } after a dura-
tion T = 16 ms. This value of T was chosen 10 sati sfy the requi rement of convenlional adiabati cily, 
namely T » 1 /I~a - ~b l (except for the control loops that pass close to the exceptional point). 
Further below, we describe the effect of varying T. 
The heterodyne signal was recorded before, during, and after the control loop. This signal 
was demodulated at frequencies Wa(~rnax ' ?ruin) and Wb(~rl1ax ' ?rnin), with typical results shown 
in Fig. 3 (a) and (b). Before and after the control loop (Le. , for t < 0 and t > T), thi s record 
corresponds to the amplitudes of the normal modes' motion Ica(t) I (red data) and Icb(t)1 (blue 
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data). During the control loop (0 :::; t :::; r) this correspondence does not hold, as the membrane's 
eigenfrequencies undergo rapid variations; data from this region does not play any role in our 
analysis. As shown in Fig. 3 (a) and (b), Ca is initially excited to ~ 4 X 10- 12 m. There is also a 
small excitation of Cb (owing to the non-zero overlap of the mechanical resonances); however this 
unintentional excitation accounts for ~ 1% of the total energy, and does not qualitatively impact 
the results presented here. 
Comparing Ic",b(O)1 with Ic",b(T)1 in Fig, 3 (a) and (b), it is dearthat energy is lost from the 
system during the control loop. This reflects the fact that the damping here is always positive. To 
distinguish thi s overall energy loss from effects related to the topological operation, we focus on 
the relat ive energy of the two modes before and after the loop. 
The data in Fig. 3 (a) was taken for a control loop not enclosing the EP (D. max = -1 ,440 kH z, 
Pruax = 750 ,.tW; for all data, .6..mitl = - 1,890 kHz, ?ruin = 2 MW). As a result, the nearly-adiabatic 
transit around the control loop results in the system returning to the same state at the end of the 
control loop. This can be seen qualitatively in Fig. 3 (a) by noting that ~ 99% of the energy is in 
ca both immediately before and immediately after the control loop. 
In contrast. Fig. 3 (b) shows a measu rement in which the control loop does enclose the EP 
(.6.. max = - 300 kHz, Pr}};1J( = 750 ,.tW). The impact on the dynamics is readi ly vis ible: before the 
loop, > 99% of the energy is in Ca, while after the loop, > 99% of the (remaining) energy is in Cb . 
To quantify the transfer of energy from one mode to another, we define the efficiency E = 
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1c,,(T)I' /( lc"(T) I' + 1c,,(T) I') (thi s definition makes use of the fact that prior to the loop, nearly 
all the energy is in ca). The values of ica,b(r) I are determined by fitting a decaying exponential to 
Ica,u(t}1 for t > T + 20 ms, and extrapolating these fits to t = T . 
Figure 3 (c) shows E (.6.max } for fixed PmaJ<. = 750 MW, while Fig. 3 (d) shows E (Pmax ) for 
fixed .6. max = - 290 kHz. The limiting behavior in both cases (i .e. , fo r large or small P'llax and 
.6.m [l,)( } agrees with the prediction that adiabatic paths enclosing the EP will result in energy transfer, 
while adiabatic paths not enclosing the EP will not. The solid lines in Figs. 3 (c) and (d) are the 
results of numeri call y integrating Equations 1 and 2, and are not fits; rather, they use the same P(t ) 
and .6. (t ) employed in the measurements, and the values of q ],z, W1.2 , 1 1.2, Kin, and K determined 
from the data in Fig. I. These simulations show good agreement with the measurements whether 
or not the loop encloses the EP, and whether or not the loop satisfies adiabiticity. 
The measurements shown in Fig. 3 were all made by applying the initial drive to the "a" 
mode and then executing a control loop in the counter-clockwise (CCW) sense. In this case, the 
adiabatic trajectories enclosing the EP correspond to the less-damped eigenmode (red regions of 
the surfaces in Fig. 2) for the majority of the loop. In contrast, executing the same loop in the 
clockwise (CW) sense would result in an adiabatic trajectory corresponding primarily to the more-
damped eigenmode (blue regions in Fig. 2). As desc ribed in Refs. [1 2-14, 28], adiabatic behavior 
is expected while the system is in the less-damped eigenmode: however. when the system is in the 
more-damped mode, competition between the non-adiabatic transfer (which is exponentiall y small 
in T) and the impact of differential loss (which is exponentially large in T) leads to a breakdown 
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of adiabaticity, causing the system to eventuall y relax to the less-damped mode. This process may 
also be understood as a consequence of the Stokes phenomenon of asymptolics 12. 
This behavior is demonstrated in Fig. 4, which shows £ (T) when the EP is encircled in the 
CCW orCW sense, and with the initial excitation in the "a" mode (for which £ is as defined above) 
or the "b" mode (for which E is as defined above, but with the subscripts reversed) . The same loop 
was used in all four cases: 6. rnin = - 1, 890 kHz, Pmin = 2 J1-W , 6. max = - 290 kH z, Prnax = 750 
J1-W. In all four cases, executing the loop very quickly results in negligible energy transfer (i.e., 
E --+ 0 as T --+ 0), consistent with the conventional expectation for a sudden perturbation. 
The adiabatic limit (T » 1 ms) is quite different. Efficient energy transfer is achieved 
(E --+ 1) for all ill iti a l excitatio ll ill the "a" mode alld a CCW loop (and for all illilial exc itatioll in 
the "b" mode and a CW loop), consistent wi th the di scussion of Fig. 3, and wi th the faclthat these 
conditions correspond to ad iabatic paths almost entirely in the less-damped mode. In contrast, 
E --+ 0 when T » 1 ms for an initial excitation in the "b" mode and a CCW loop (and for an initial 
exc itation in the "a" mode and a CW loop). 
The behavior described above may be summarized by describing an adiabatic control loop 
around an EP as a matrix that transforms the initial state [Cl (0) C2(0)]T to the final state [Cl (T) C2( T)V 
with the form: 
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Uo,o(r) = (3) 
where 0 , 0 denote a CCW and CW loop respecti vely. Because H is a symmetric matrix. it is 
straightforward 10 show that, if Uo( T) and Uo( T) represent identical but time-reversed control 
loops, then Uo = Ur; . Along with this relationship, the four data sets in Fig. 4 demonstrate the 
nonreciprocily of these operations, i. e. that bO,OCT) =f Co,o (r) for T » 1 ms29 • This inequality 
is also evident in direct measurements of Ibo,O(T)1 and icO,O(T)I , as shown in the Supplemental 
Material. 
In conclusion, we have demonstrated a new form of topological operation that allows for 
non-reciprocal energy transfer between two eigenmodes of a mechanical system. This transfer 
exploits the presence of an exceptional point in the two modes' spectrum. We note that the square 
membrane used in this work also offers three-fold and four-fold near-degneracies, opening the 
possibility of studying dynamics in the vicinity of higher-order exceptional points 15. 16 . We also 
note that the cryogenic optomechanical device used in this demonstration is subject to both thermal 
and quantum fluctuations30 ; it is an open question whether non-reciprocal topological effects will 
allow for new forms of control over these fluctuations. 
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Figure I: The complex eigenvalues of the membrane's normal modes. The resonance frequency 
(horizontal ax is) and damping rate (verti cal axis) of the membrane's two mechanical modes as a 
function of the laser power P and detuning.6.. Data for one mode is shown as squares, data for 
the other mode is shown as circles. The stati sti cal uncertainty in the measurements is smaller than 
the symbols. Colour indicates P, while the arrows indicate the variation of the eigenvalues as .6. 
is changed from -1,890 kHz to -290 kHz at fi xed P. For the lower values of P, each eigenvalue 
follows a closed trajectory, beginning and ending at the same point. For the higher values of P, the 
e igenvalues follow open trajectories. each one ending at the other's starting point. The solid lines 
are the global fit described in the text. The location of the EP predicted by thi s fit is shown as a 
black x. 
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Figure 2: The EP in the spectrum of mechanical modes. a.b. The resonance frequencies (a) and 
damping rates (b) of the membrane 's two mechanical modes as a function of P and L1. Each 
grid point corresponds to a measurement; grid lines and surface colouring are guides to the eye. 
Colouring is chosen so that red (blue) corresponds to the mode with lower (higher) damping. 
c,d, Plot of the theoretically calculated real (c) and imaginary (d) parts of the eigenvalues of the 
effective Hamiltonian matrix H (Eq. 2). All of the parameters appearing in thi s calculation are 
taken from the fit in Fig. I. Note that the viewing angle in (a),(c) differs from that in (b),(d). 
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Figure 3: Topological energy transfer. a,b, The amplitude of motion of the two mechanical modes 
as a function of time t. A drive is appli ed to the "a" mode for t < O. At t = 0 the drive is turned 
off and the control loop described in the text is implemented. The control loop ends at t = 16 ms. 
For t > 16 ms the system relaxes to thermal equilibrium. The black lines are fits to a decay ing 
exponential (due to the mechanical damping) with a constant offset (reflecting the mode's thermal 
motion). The black dot shows the extrapolation of thi s fit to t = 16 ms. The loop used in (a) 
does not enclose the EP, while the loop used in (b) does. c, The fraction of the (remaining) energy 
in the " b" mode after the contro l loop has been completed, as a function of the loop 's maximum 
detuning L),1ll 3 X' The data in (a) and (b) correspond to the two po ints shown as solid circles. d, The 
corresponding measurement as a function of the loop's maxi mum power Pr""",. In both (c) and (d), 
the stati stical errors are comparable to or smaller than the symbols. The solid lines are numerical 
simulations of the dynamics which are completely constrained by the parameters from the fit in 
Fig. 1. The insets are schemati c illustrations showing how the loop varies along the horizontal axis 
of each panel; the location of the EP is indicated by the black x. 
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Figure 4: Non-reciprocal topological dynamics. a-b, The transfer effici ency E as a function of the 
control loop's duration 7 . The loop shape is identical in all four plots and encloses the EP. The 
loop is counter-clockwise in (a), while clockwise in (b). Red colour represents that the "a" mode 
is initiall y driven , while blue colour represents that the "b" mode is initiall y driven. In all four 
cases, rapid circulation around the loop (7 ----* 0) resu lts in vanishing energy transfer (E - } 0) . For 
adiabat ic circulation, the limiting behavior of £ depends upon the sense of c irculation and which 
mode is initially excited. For counter-clockwise (clockwise) loop, the red (blue) plot corresponds 
to conventional ad iabaticity (E ----* 1 as 7 increases), while the blue (red) plot shows the opposite 
behavior (£ ----* 0 as 7 increases). As described in the text . thi s reflects the non-reciprocity of each 
topological operation (counter-clockwise or clockwise loop). In both (a) and (b), the solid lines are 
numerical simulations of the dynamics which are completely constrained by the parameters from 
the fit in Fig. J. 
18 
2000 ,-~------~~~~~~------~~~~ 
Power (uW> 
:l! 1500 
.<= 
'5 
. j; 
ID j 1000 
~ 
C 
<11 
TI 
ID 500 
::;; 
o 
• 
• 
• 
• 
• 
• 
• 
• 
11 19 
., 73 
• 155 
• 265 
• 380 
• 478 
787.8 788.0 788.2 788.4 788.6 788 .8 789.0 789.2 
Mechanical Frequency (kHz) 
Fig. 1 
19 
a b 
" ~~ 788.6 < 
~ > 
• ~ 788.4 ~ 
• .. ,
c • 
• ~ 788.2 ti 
• c 
• • < 
u 
i 788.0 
P fllW) 
4 (kHz) 
c d 
" 
" l! < BOO • "- -,
> ~ . 00 u • ~ 
• • • < • ' 00 • ~ < • 
• • • • < 
u 
~ 
P fllW) 
4 (kHz) 
-100 
Fig. 2 
20 
a 
5: 10.21 
~ 
~ 10-22 
W 
b 
c 
d 
10-23 
10.20 
U.O 0.2 U.4 0.6 
TIme {s) 
~ 1.0 19t' . . g 0.8 
• ~ 0.6 
w ~O.4 f---t-
• o 
~ 0 .2 .Al 
O .O~~O!!~;;;---4J 
(j' 1.0 
:ii 0.8 
~ w 0.6 
-1600 -1000 -400 
Maximum Detuning (kHz) 
j 004 t-+++~"'. 
~ 0.2 •• 
• 
Maximum Power (.,W) 
21 
a"'---'-T"T"TTT1----'---"rTTT-r1 mb ,--,.---r-TTTT-rrr----'-rTTTTTIT---' 
1 .0 ft'+I""'+--'-t-rnt+---+-+t+ 
()' 
c 0.8 H#--H-+rftHl--I: 
Q) 
'u 
!i= 0.6 ff+!---+-+-IC++! 
w 
~ 
~ 0.4 ft!j--f--+++ft 
c 
~ 0.2 ftit--t-+-+-
f-
10'" 10-3 10-2 10'" 
Loop Time (s) 
Fig. 4 
22 
10-3 
Loop Time (s) 
10-2 
Supplementary Information 
H. XlI ,1 D. l\r[ason,l L. Jiang ,IJ. C. E. Harrisl.2 
I Department of Physics, Yale Univers ity, New Haven, Connecticut 06511, USA 
2Dcpartment of Applied Physics, Yale University, New Haven, Connecticut. 06511 , USA 
1 Measurement Setup 
A schcllw.tic illustrution of the experiment is shown in Fig. SI. The optomcchanical device and 
much of the measurement setup are described in Ref. [l J. The membrane and optical cavity are 
mounted ill a cryostat whi<.:h i!:i llIaiutaiuoo at T = 4.2 K. T he lIICIlIUrallc's motion is monitored 
via a heterodyne measurement lIsing a probe beam and a local oscillator (LO), both produced from 
a single laser ( "l\1L"' in Fig. SI (a») . The probe beam frequency is shifted by an acollsto-opticai 
modulator (AOl\U in F ig. SI (a)) driven a t 80 i\ IHz. Pound-Drever- Halllocking is used to keep the 
probe beam nearly resonant with one mode of the cavity; as a result its detuning ~p « Ii, resul t ing 
in a negligible contribution to E. Likewise. t he large detuning of the LO ( ~LO ~ 80 J\I Hz » Ii) also 
results in a negligible contribution to E. Control over the optomechanical system is provided by Cl 
separate laser ("CL" in Fig. SI (a». whose detuning ~ and power P are controlled by an additional 
acousto-optie modulator (AOr-.·13 in Fig. SI (a)) . The frequencies of the various beams are illustrated 
in rig . S1 (b). The cavity is approximately single-sided , and a ll measurements a re performed in 
reflection. The reflected beams are incident on a single photodiode, and demodulation circui ts arc 
used to monitor multiple Fourier components of the heterodyne signal , each with a bandwidth equal 
to 50 Hz. 
2 Optically-mediated mechanical coupling 
Here. we consider a system consisting of two mechanical modes. eaeh coupled linearly to a common 
optical mode. \-Ve will show that the optical field generates a t unable effective coupling between the 
mechanical modes. which can be exploited to produce an exceptional point as described in the main 
text. The model follows closely the one presented in [2). 
In a standard optomechanical system, onc considers an optical cavity mode whose frequency is 
linearly coupled to the posit.ion of a mechanical oscillator. An input-output. approach to this system 
yields a pa ir of coupled differential equations for the two modes. which can be easily treated in the 
Fourier doma in to understand the optical modification of t he mechanical suscept ibility. Here, we 
consider the simple extension of t his model in which there are two mecha nical modes, each coupled 
to t he same optical mode. This yields the following system of equations for the mechanical/optical 
modes: 
- (~+ iwc) a -ig1azl -igzaz2 + ~ai" 
( 71 . ) .• = - 2 + 1Wl Cl - 1·91 a a + V I I 7]1 
<, - ( ~2 +lW2) ~ - tg2a~a+.Ji21J2 
1 
(1 ) 
(2) 
(3) 
a 
I ML . -~ 
~ I 
EOM AOM1 1 
~AOM2 
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Pigure SI: Experimenta l schematics. a, Illustrat ion of the opt ical and electronic components. The 
measurement laser (i\ IL) is spli t into a local oscillator (LO) and a probe beam using an acollsto-opt ic 
modulator (AOl\H). The probe beam is locked to the cavi ty using a Pound-Drcver-Hall (PDH) 
scheme and modulation produced by an ciectro-opt ic modulator (E01\ I). The cont rol laser (CL) is 
locked to the ML with a frequency offset approximately equal to twice the cavity's free spectral 
range. The control parameters used to access the EP are the CVs power P and dctuning b.. P 
and !:l. are set by the amplitude and frequency of an arbi t ra ry waveform generator (AWG), which 
dri ves AO:r>. 13. The PDH error signal is used to control the frequency of AO:r>. 12. ensuring that all 
beams t rack fluctuat ions of the cavity. Light is deli vered to (and collected from) the cryostat via an 
opt ica l circulator. Coloured lines. hollow lines, and thick black lines show free-space laser beams, 
opt ical fibers, and electrical circuits respectively. Triangles, ovals, and semicircles show electronics, 
fiber couplers, and photodiodcs respectively. The silicon nitride membrane is shown in purple. b, 
Ill ust ration of the optical frequency domain. Lasers are coloured arrows and cavity modes are black 
curves . 
where a is the opt ica l mode amplitude wi th resonant frequency w.." total dissipation rate Ii. and 
input coupling rate "-in . The i th mechanical mode is described by position Z; = Cj + c; where Ct is the 
complex mode amplitude. Each mechanical mode has resonant frequency WiJ dissipation rate /j. and 
is coupled to the opt ica l mode with a Single-photon coupling rate g;. The optical and mechanica l 
modes are driven by input fields ain and 1];, respectively. 
We now suppose that the cavi ty is driven by a beam with power P and frequency rh" detuned from 
the cavity resonance by b. = 0 L - w.., . DOing so, we can express the opt ical field as fluctuations cl(t } 
around a mean intracavity field given by a = I5i a ;I! where a i l! = J"~L ' :r>. laking these substi tutions 
in the original system of equat ions yields the lineari zed equations of motion: 
- (~ - ib..) cl - iO'tz\ - iU2Z2 
c, - ( ~t + iWI ) Cl - i (O'jd + O"ld-) + J1irn 
- (~ + iW2) C2 - i (O';d + 0'2d") + ...t=i21J2 
(4) 
(5) 
(6) 
where we have defined Q' i = ay; , l\ loving to the Fourier domain. and defining the cavity susceptibility 
2 
Xc [w] = (~- i{w + .6.)) - 1, we can solve for d[wJ and d* [w] a nd substitute these into the equations for 
Cl ,2[Wj to find a reduced system of two equations describing the mechanical modes: 
Cl - ;,(w - wl)) cdwl lad' (x;l-wl - x,lwJ) cdwl + ,,;a, (x;l-wl- x,lwJ) ",Iwl (7) 
(~ - i(w - w,)) "'Iwl = 10,1' (x;l-wl - x,lwJ) "'Iwl + a;a,(x; l-wl - x,lwJ) cdwl (8) 
Note that we have dropped counter-rotating cj and c2 terms. We have also dropped the mechanica l 
drive terms 7]1 ,2. These are not neccessary for our model , as we will s imply drive the system to 
a particular initial state, turn off the drive, and focus on the evolution of the system without any 
mecha nical drive applied . 
In the traditional optomechanical system, one defines the optomechanical self-energy as :E[w] = 
i lof{x;[-w]- Xc!w]) . We see that in this 2-mode system. we can extend this concept to a self-energy 
matrix 
(9) 
Note that this definit ion of :E differs slightly from the E defined in the main text. Specifically, the 
dependence on 0'1 a nd 02 has been factored out. along with a factor of -i , leaving E as a scalar 
qU(llltity 
Wri t ing our mechanical modes as a vector c[w] = ( ~~~~l ). wc can write the following mat rix 
equation: 
, _ ( 11 + iw] 
-.wclwl = - ' 0 ) clwl- iElwlclwl (10) 
Before we can move back to the time domain , we note that E varies on the scale of /i" while the 
mechanical modes are on ly susceptible to drives with in thci r Iinewidth , which is significantly smaller 
than /i" by assumption. Therefore. it is sufficient to consider :E [w] :;:::,: E[w.] :;:::,: E[W2] == :E. (Note that 
the mechanical modes are also assumed to be nearly-degenerate) . Now that .E is not a function of 
W, we can easily move back to the time domain to find the equat ion from the main text: 
'ic= H c (11 ) 
where we define 
H = -( 
WI -i~ 
o (12) 
It is worth emphasizing that :E is a complex quantity, which depends (via 0] and 0'2) on P and 
.6.. This is the tunability that allows us to access an except ional point in the spectrum of these two 
mechanical modes. 
3 M easuring the m echanical eigenvalue sp ectrum 
In Figs. 2 and 3 in the main text, we show the complex eigenvalues (frequencies and decay rates) of the 
mechanical modes as a function of P and .6.. At each point {P, .6.}. these eigenvalues were measured 
by optica lly driving the mechanical modes and measuring their driven response. We measure the 
mechanical sidebands using the heterodyne measurement laser, locked to the cavity resonance. We 
set a certain P and .6. for the control laser, then apply amplitude modulation at a frequency Ileal' WI 
3 
and W2 , thus creating an optical beat note which will drive the mechanical modes. This modulation 
frequency is swept over WI and W2 , and we use a lock-in amplifier to measure the complex response 
of the heterodyne signal to this drive. 
Two examples of these measurements are shown below. Fig. S2 shmvs 8 sweep over the two 
modes when the control beam powcr is low, and Lhcrc is minimal hybridization of the two modes. 
In Fig. S3. the control beam power is large and detuned near -WI,2 , such that the modes hybridizc 
significantly. resulting in modes with degenerate frequencies but different linewidths. The relative 
phase of the drivcn response of the two modes is such that we sec destructivc interfcrcnce in Fig. S3. 
By fitting the complex response to a sum of complex Lorentzians with 8n arbitrary phase offset, we 
extract WI ,W2. / h and ; 2. The solid lines in Figs. S2 and S3 are fits , from which we extract the 
cigenvalues plotted in Figs. 2 and 3 in the main text. 
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4 Measurement of Propagator Matrix Elements 
In t he ma in tex t , wc describe energy transfer in terms of an efficiency defined as IC.(T\P~I~(T)1 2 ' 
where i = a, b depending on whether energy is being transferred to mode a or b. T his parameter 
characterizes t he relat ive energy t ransfer (independent of overall energy decay), bu t does not fully 
describe t he effect of t he cont rol loop. In order to fully characterize t he propagators Uo( r ) and UcA r ) 
(defined in t he main text) , we can instead examine t he a mplitude of motion in each mode before and 
after t he control loop. So, for example, if we cons ider clockwise control loops in which the a mode 
is initia lly dri ven , t hen wc can extract lu(;(r)1 = l~ i~}1 and 1c;:, (r)1 = l:l~~I . Similarly, repea t ing 
this process with t he ini t ial excitat ion in the b mode givcs Ibu(r ) I and Ido{r)l. In Fig. 84, we plot 
t hese propagator mat r ix elements as a funct ion of control loop duration. T . T his is e..xt racted from 
the same data as Fig. 4 in t he main text. 
For sufficiently large r , we sce t hat Ib,J,r)(r )1 I:- I Co,:~ (r) l . which implies b'),r) (r ) I:- Co,o(r) . as 
sta ted in the main t ext. This allows the conclusion that U"o(r ) i- U0'.O{T) . 
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